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1. INTRODUCTION
The finite Legendre transformation
1Ul f x n s F n s P x f x dx , 1.1 4 .  .  .  .  .  .H n
y1
 . w xwhere the P x are the well-known Legendre polynomials 3, 12 has beenn
studied from a classical approach by different authors, among others, by C.
w x w x w xJ. Tranter 13 , R. V. Churchill and G. L. Dolph 1 , and I. N. Sneddon 11 .
The corresponding inversion formula is given by the Fourier-Legendre
series expansion:
` 2n q 1
Uy 1l F n x s f x s P x F n . 1.2 .  .  .  .  .  . 4  n2ns0
The analysis of this transform in a space of generalized functions is
w xtackled mainly by A. H. Zemanian 14, 15 but in a more general frame-
work that includes all the finite transformations of Sturm-Liouville type.
57
0022-247Xr96 $18.00
Copyright Q 1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.
MENDEZ-PEREZ AND MIQUEL MORALESÂ Â58
w x  .  . ` .In 8 we introduce the space L y1, 1 of all functions w x g C y1, 1
such that
< k <g w s sup R w x - `, .  .k x
y1-x-1
for every k s 0, 1, 2, . . . , R being the differential operatorx
d
2 2 2R s D x y 1 D s x y 1 D q 2 xD , D s . .  .x dx
 .We assign to L y1, 1 the topology generated by the family of seminorms
 4  .g . Thus, it can be shown that L y1, 1 is a Frechet space.Âk k g N0 w  . xRemember that 3, II , p. 179
kkR P x s n n q 1 P x , k s 0, 1, 2, . . . , 1.3 .  .  .  .x n n
X .  .L y1, 1 stands for the dual space of L y1, 1 . Considered as a function
 .  .  . X .of x, P x g L y1, 1 , so the generalized transform of f x g L y1, 1n
will be defined by means of
UX  :l f n s F n s f x , P x . 1.4 .  .  .  .  .  .n
 .The translation operator associated with the transform 1.1 is
p1
2 2’T w x s w xy q 1 y x 1 y y cos a da . 1.5 .  .  . .H  /y p 0
w xNow, the convolution is introduced as usual through 1, 9, 11
1
w )c x s w y T c y dy. 1.6 .  .  .  .  .H x
y1
 .In this paper the situation is inverted in the way that 1.2 will be used to
define the direct transform
` 2n q 1
lF n x s f x s F n P x 1.7 4 .  .  .  .  .  . n2ns0
which we call the discrete Legendre transformation, its inversion formula
being supplied on the contrary by
1y1l f x n s F n s P x f x dx. 1.8 4 .  .  .  .  .  .H n
y1
 .  . w xAn interesting classical study of 1.7 ] 1.8 can be found in 5, 6 . The
main objective of this work is to extend the discrete Legendre transform to
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a distributional space. For this purpose we establish in Section 2 that
 .P x , considered as a function of n, belongs to a certain testing functionn
space of complex-valued sequences of exponential growth. Once the gener-
alized discrete transform has been defined in Section 3, inversion and
uniqueness theorems are proved and an operational calculus is generated.
The translation operator and the convolution associated with the discrete
 .transform 1.7 are considered in Section 4 in adequate spaces. Finally, the
results obtained are applied to solve some difference equations.
w  .  .xWe shall frequently use the recurrence relation 3, II , p. 179 9 ,
n q 1 P x q nP x s 2n q 1 xP x . 1.9 .  .  .  .  .  .nq1 ny1 n
2. THE DISCRETE LEGENDRE TRANSFORMATION IN
X .THE SPACE l N0
 .If N denotes the set of nonnegative integer numbers, the space l N0 0
  .4consists of all the complex-valued sequences F n such thatng N0
< ya n U k <l F n s sup e L F n - `, 2.1 .  .  . .a , k n
ngN0
where a is a positive parameter, for every k s 0, 1, 2, . . . . Here, LU standsn
for the finite-difference operator
n q 1 n
UL F n s F n q 1 q F n y 1 . 2.2 .  .  .  .n 2n q 3 2n y 1
 .Henceforth F n must be taken as 0 if n is negative. The adjoint
operator of LU is given byn
n q 1 F n q 1 q nF n y 1 .  .  .
L F n s . 2.3 .  .n 2n q 1
When endowed with the topology generated by the collection of semi-
 .  .  .norms 2.1 , l N becomes a Frechet space. The dual space of l N isÂ0 0
X .denoted by l N .0
We now list some properties of these spaces:
 .  . .  .  .a The sequence 2n q 1 r2 P x g l N for each x, y1 F x Fn 0
 .  .1. Indeed, from 2.2 and 1.9 we infer quickly that
2n q 1 2n q 1
UL P x s x P x . .  .n n n 52 2
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By applying repeatedly this result we arrive at
2n q 1 2n q 1
U k kL P x s x P x , k g N . 2.4 .  .  .n n n 0 52 2
This formula plays the same role in relation to the discrete transforma-
 .  .  .tion 1.7 that 1.3 does for the Legendre transform 1.1 .
Hence,
2n q 1 2n q 1
ya n kl P x s sup e x P x - `, .  .a , k n n 52 2ngN0
< k  . <since x P x F 1, y1 F x F 1.n
 .   .4b If F n is a complex-valued sequence such thatng N0
`
a ne F n - `, 2.5 .  .
ns0
 . X .then F n gives rise to a regular member in l N through0
`
 :F n , F n s F n F n , F g l N . 2.6 .  .  .  .  .  . 0
ns0
In fact, F is clearly linear. On the other hand, we have for every
 .  .F n g l N ,0
`
ya n a n : < <F n , F n F sup e F n e F n s Cl F , .  .  .  .  . a , 0
ngN ns00
 .  .which shows that 2.6 truly defines a functional F on l N .0
 . U  .c The difference operator L , given by 2.2 , is a continuous linearn
 .mapping of l N into itself, as is immediately implied by0
l LU F n s l F n , F g l N . 4 4 .  .  .a , k n a , kq1 0
Consequently, the generalized difference operator L defined as then
adjoint of the classical operator LU by means ofn
 :  U : XL F n , F n s F n , L F n , F g l N , F g l N , .  .  .  .  .  .n n 0 0
2.7 .
X .is also a continuous linear mapping of l N into itself.0
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 .Notice that definition 2.7 is consistent with the usual operational rules
of the distributional calculus.
 .d Finally, we note the relation between both of the operators Ln
and LUn
2 2n q 1
UL F n s L F n 2.8 .  .  .n n2n q 1 2
2n q 1 2
UL F n s L F n . 2.9 .  .  .n n2 2n q 1
3. THE GENERALIZED DISCRETE
LEGENDRE TRANSFORMATION
 . X .For an arbitrary generalized sequence F n g l N , we define its0
 .discrete Legendre transform as the application of F n to the kernel-se-
 . .  .quence 2n q 1 r2 P x ; i.e.,n
2n q 1
Xl F n x s f x s F n , P x 3.1 4 .  .  .  .  .  .n ;2
for every x, y1 - x - 1. This definition makes sense because 2n q
. .  .  .  .1 r2 P x g l N , as was seen in part a of the preceding section.n 0
 . X .  .PROPOSITION 3.1. Let F n be any member of l N and denote f x as0
 .its generalized discrete Legendre transform. The, f x is an infinitely differen-
tiable function and one has
2n q 1 dr
rD f x s F n , P x , 3.2 .  .  .  .n ;r2 dx
for each r s 0, 1, 2, . . . .
 .Proof. In view of 2.4 we may write
r r2n q 1 d d 2n q 1
U k kL P x s x P x .  .n n nr r2 dx dx 2
r2n q 1 k!r ky rqj  j.s x P x . . n /j2 k y r q j ! .js0
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<  j. . < 2 jBy taking into account the last expression and the fact that P x F n ,n
w xy1 F x F 1 2, p. 233 , it is inferred
r2n q 1 d
U kya ne L P x .n nr2 dx
r2n q 1 rya n 2 jF e k k y 1 ??? k y r q j q 1 n .  .  /j2 js0
F C r !k r - `, n g N ,a , r 0
 . . r r .  .for certain positive constant C . Therefore, 2n q 1 r2 d rdx P xa , r n
 .  .g l N , r s 0, 1, 2, . . . , and the right-hand side in 3.2 makes sense. To0
 .  .get the equality 3.2 , we start with the case r s 1. Then, if x g y1, 1 we
 .choose h g R such that x q h g y1, 1 as well and put
f x q h y f x 2n q 1 .  .
X  :y F n , P x s F n , F n; x , h , .  .  .  .n ;h 2
3.3 .
where
2n q 1 P x q h y P x .  .n n X
F n; x , h s y P x . .  .n2 h
But
h k2n q 1 x q 1 P x q h y x P x .  .  .n nU kL F n; x , h s .n 2 h
d
ky x P x . .ndx
 .in line with 2.5 and the fact that
2n q 1 2n q 1 2n q 1
U UL D P x s D L P x s D xP x . .  .  . .n x n x n n x n 5  /2 2 2
Then, we may write
l F n; x , h s sup eya n 4 .a , k
ngN0
=
22n q 1 dh l kx q u P x q u du dl . .  . 4H H n2< <2 h du0 0
3.4 .
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Moreover, by resorting again to the boundedness of the derivatives of
w xLegendre polynomials 2, p. 223, Theorem 1 we are led to
21 dh l kx q u P x q u du dl .  . 4H H n2h du0 0
1 h l k ky1Y Xs x q u P x q u q 2k x q u P x q u .  .  .  .H H n nh 0 0
ky2qk k y 1 x q u P x q u du dl .  .  .n
1 h l 4 2F n q 2kn q k k y 1 du dl .H H< <h 0 0
< <h
4 2s n q 2kn q k k y 1 . . .
2
 .By combining this last result and 3.4 we conclude
< <l F n; x , h F C a , k h ª 0, as h ª 0, 4 .  .a , k
 .C a , k being a suitable positive constant, uniformly on n g N . Conse-0
 .quently, we have established that F n; x, h ª 0 as h ª 0 in the topology
 .  .  .of the space l N . This implies, in view of 3.3 , that expression 3.2 is0
valid for r s 1. The general case follows by an inductive argument on r.
 . X .PROPOSITION 3.2. If F n is an arbitrary member of l N , then0
2m q 11
P x F m , P x dx .  .  .H n m ;2y1
2m q 1 1
s F m , P x P x dx . 3.5 .  .  .  .H m n ;2 y1
 .  .Proof. The left-hand side in 3.5 can be written, by virtue of 3.1 , as
1
P x f x dx , 3.6 .  .  .H n
y1
 .  X  .4 .  .where f x s l F n x . This integral exists always since f x g
` .  . w xC y1, 1 in light of Proposition 3.1. Moreover, f x is bounded on y1, 1
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because there exist a constant C ) 0 and r g N such that, for every x,0
w xy1 F x F 1, one has 15, p. 19
2n q 1 2n q 1
< <  :f x s F n , P x F C max l P x .  .  .  .n a , k n 52 20FkFr
2n q 1 rya n < < < <s C max sup e x P x .n 520FkFr ngN0
2n q 1
ya nF C max sup e s C - `.1 520FkFr ngN0
On the other hand, by fixing arbitrarily n g N , the orthogonality0
relation for the Legendre polynomials
2m q 1 1
P x P x dx s d .  .H m n m , n2 y1
in other words, the Kronecker sequence d considered as a function ofm , n
 .  .m belongs obviously to l N . Thus, the right-hand side in 3.5 is well0
defined too. To derive the equality, we could proceed using the technique
w xof Riemann sums in a similar way as in 15, p. 148 with regard to the
Hankel transform.
 . X .  .  .PROPOSITION 3.3. For e¨ery F n g l N and F l g l N we ha¨e0 0
 : :   ::F m , d , F n s F m , d , F n . .  .  .  .m , n m , n
Proof. We only outline the proof. Note, on the other hand, that
  . : X .   .:F m ,d generates a regular member in l N , while d , F n gm , n 0 m , n
 . ` a n < < a ml N since  e d s e and, consequently, d gives rise to a0 ns0 m , n m , n
X .regular member in l N as well. Therefore, the following steps are0
justified:
`
  ::F m , d , F n s F m , d F n .  .  .  .m , n m , n ;
ns0
`
 :s F m , d F n .  . m , n
ns0
 : :s F m , d , F n . .  .m , n
We are at last ready to prove the paramount results of this section.
 .Firstly, we establish the inversion formula of the discrete transform 1.7 :
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 .THEOREM 3.1. Let F n be an arbitrary generalized sequence in the space
X .  .  .l N and let f x be the generalized discrete Legendre transform of F n as0
 .defined by 3.1 . Then,
1Xy1l f x n s F n s P x f x dx 3.7 .  .  .  .  .  . 4 H n
y1
X .in the sense of equality in l N0
 .  .Proof. Let any F n g l N . By invoking Propositions 3.2 and 3.3 and0
 .definition 3.1 we may write
1
P x f x dx , F n .  .  .H n ;
y1
2m q 11
s P x F m , P x dx , F n .  .  .  .H n m  ; ;2y1
2m q 1 1
s F m , P x P x dx , F n .  .  .  .H m n ; ;2 y1
 : :   ::s F m , d , F n s F m , d , F n . 3.8 .  .  .  .  .m , n m , n
So then,
`
 :d , F n s F n d s F m . .  .  .m , n m , n
ns0
 .   .  .:Hence, the right-hand side in 3.8 takes the value F n , F n and the
proof is finished.
Next the uniqueness theorem is shown:
 .  . X .THEOREM 3.2. Let F n and G n be arbitrary members in l N . If0
 .  .  .  .  X  .4 .  .  X  .4 .f x s g x , x g y1, 1 , where f x s l F n x and g x s l G n x ,
then
F n s G n .  .
X .holds in the sense of equality in l N .0
Proof. It is an immediate consequence of Theorem 3.1.
Finally, the main operational rule is derived:
 . X .THEOREM 3.3. If F n g l N , we get0
X Xk kl L F n x s x l F n x 3.9 4 .  .  .  .  . 4n
for each k s 0, 1, 2, . . . .
MENDEZ-PEREZ AND MIQUEL MORALESÂ Â66
 .  .  .Proof. By virtue of 3.1 , 2.8 , and 2.5 we easily obtain
2n q 1
X k kl L F n x s L F n , P x .  .  .  . 4n n n ;2
2n q 1
U ks F n , L P x .  .n n ; /2
2n q 1
ks F n , x P x .  .n ;2
2n q 1
Xk ks x F n , P x s x l F n x . 4 .  .  .  .n ;2
4. THE TRANSLATION OPERATOR AND THE CONVOLUTION
w xIn accordance with I. I. Hirschman 5 , we denote
1
P x P x P x dx s P l , m , n . 4.1 .  .  .  .  .H l m n
y1
 .  .From 1.2 and 1.1 it is formally deduced that
` `2n q 1 2n q 1 1
f x s F n P x s P t f t dt P x . .  .  .  .  .  .  Hn n n2 2 y1ns0 ns0
 .  .  .  .In particular, if we set f x s P x P x l, m g N , the last equalityl m 0
becomes
` 2n q 1
P x P x s P l , m , n P x s lP l , m , n x , 4.2 4 .  .  .  .  .  .  .l m n2ns0
w  .xwhich resembles the duplication formula 1, 4
p1
2 2’P x P y s P xy q 1 y x 1 y y cos a da .  .  .  .H  /n n np 0
 .in relation with the continuous Legendre transformation 1.1 .
 .Expression 4.2 suggests the following definition
DEFINITION 4.1. Let m g N be arbitrarily fixed. We define the trans-0
 .  .lation t of the sequence F l g l N by means ofm 0
` 2n q 1
t F l s P l , m , n F n . 4.3 .  .  .  .m 2ns0
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Next we list some properties of the translation operator t :m
 .  .  .  .  .i t F l s t F m , because of P l, m, n s P m, l, n .m l
 .  .ii Expression 4.2 can be rewritten
t P x s P x P x . .  .  .m l l m
 .  .  .iii t F l s F l , since0
0, if n / l
P l , 0, n s .  2r 2 l q 1 , if n s l. .
 .Note that P l, m, n s 0 for n ) l q m. This implies that the right-hand
 .side in 4.3 reduces to a finite sum and, therefore, it has always a sense for
any nonnegative pair of arbitrarily fixed integer numbers m and l.
 .However, we cannot guarantee that t F l , with m g N fixed, belongsm 0
 .  .to l N when F g l N .0 0
 .Next we introduce the space s N which consists of all the complex-0
  .4valued sequence c n such thatng N0
`
U kg n < <b c n s e L c n - `, k s 0, 1, 2, . . . 4.4 .  .  . . g , k n
ns0
with g denoting a nonnegative parameter and the operator LU being givenn
 .by 2.9 .
When endowed with the topology generated by the family of seminorms
 .  . X .4.4 , s N turns out to be a Frechet space. We denote s N for theÂ0 0
 .  . X .dual space of s N . It is worth emphasizing that s N ; l N in the0 0 0
 .  .sense that each member c n g s N gives rise to a regular member in0
X .  .  .  .l N through 2.6 . Indeed, any member c n g s N fulfills the condi-0 0
 .tion 2.5 since
`
a n < <e c n s b c - `. .  . a , 0
ns0
 . X .Conversely, a similar argument allows us to ensure that l N ; s N ,0 0
the inclusion being understood in the same sense commented above.
PROPOSITION 4.1. Let m g N be fixed. The operation0
2 l q 1
F l ¬ t r l F l , .  .  .m2
 .where r l denotes a rational function whose denominator has no nonnegati¨ e
 .  .root, is a continuous linear mapping from s N into l N .0 0
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Proof. The above mapping is clearly linear. To verify its continuity, we
start from
2 l q 1
U kya le L t r l F l .  .l m 52
`2 l q 1 1ya l ks e x P x P x P x dx .  .  . H l m n2 y1ns0
=
2n q 1
r n F n , .  .
2
 .  . <  . <in view of 4.1 and 2.5 . Thus, taking into account that P x F 1 forj
w xevery j g N and any x g y1, 1 , we can find a constant C ) 0 so that0 a , g
2 l q 1
U kya le L t r l F l .  .l m 52
` 2n q 1
ya l yg n g n< < < <F 2 l q 1 e e r n e F n .  .  . 2ns0
`
g n < <F C e F n F C b F , .  .a , g a , g g , 0
ns0
whenever g ) 0. This means that
2 l q 1
g t r l F l F C b F . .  .  .a , k m a , g g , 0 52
w xOur statement is implied by the last inequality and 15, p. 26 .
X  . X .The generalized translation operator t acting on F n g l N ism 0
defined by means of
2 l q 1 2
X :t F l , F l s F l , t F l 4.5 .  .  .  .  .m m ;2 2 l q 1
 .  .for every F l g s N .0
 .The next assertion is a simple consequence of definition 4.5 , Proposi-
w xtion 4.1, and 15, Theorem 1.10-1 .
THEOREM 4.1. The generalized translation operator tX is a continuousm
X . X .linear mapping from l N into s N .0 0
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The classical convolution for the discrete Legendre transformation was
w xintroduced by I. I. Hirschman 5, p. 339 . With the aid of the translation
 .operator 4.3 , it can be expressed as
` 2 l q 1
F(C n s F l t C l .  .  .  . n2ls0
` ` 2 l q 1 2m q 1
s P l , m , n F l C m . 4.6 .  .  .  .  2 2ls0 ms0
 .  .PROPOSITION 4.2. Assume F n and C n are testing sequences of the
 .  . .  .space s N . Then, F(C n g l N .0 0
 .Proof. In view of 4.6 , it is easily seen that
U kya ne L F(C n F C b F b C , .  .  .  .n a g , 0 g , 0
C being a certain positive constant, in other words,a
l F(C n F C b F b C 4 .  .  .  .a , k a g , 0 g , 0
for any g ) 0.
 .  .DEFINITION 4.2. The convolution of two members F n and G n in
X .l N will be defined by0
 :F n (G n , F n .  .  .
2n q 1
Xs F n , t G m , F m .  .  .n  ;;2
2n q 1 2m q 1 2
F n , G m , t F m , 4.7 .  .  .  .n  ;;2 2 2m q 1
 .if it exists for every F g l N .0
In relation to this convolution we next proceed to establish the following
assertion:
 .  . X .THEOREM 4.2. If F n and G n are arbitrarily members in l N , then0
 . .  . . X .F (G n exists and F (G n g s N .0
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 .  .Proof. Let F n be any member in s N . By virtue of Proposition 4.1,0
  .  . . w  ..  .x:G m , 2m q 1 r2 t 2r 2m q 1 F m has a sense. All that remainsn
to prove is that
2n q 1 2m q 1 2
UF n s G m , t F m 4.8 .  .  .  .n ;2 2 2m q 1
 .is a sequence belonging to l N .0
Note, on the one hand, that the difference operator L commutes withn
the translation operator t :m
L t F l s t L F l . 4.9 .  .  .l m m l
 .  .On the other hand, by i and 4.9 we arrive immediately at
2n q 1 2m q 1 2
U kya ne L G m , t F n .  .n m ;2 2 2n q 1
2n q 1 2m q 1 2
U kya ns e G m , t L F m . 4.10 .  .  .n m ;2 2 2m q 1
Finally, there exist a positive constant C and a nonnegative integer r,
 .  . w xdepending on G n but not on F n 15, Theorem 1.8-1 , such that
2m q 1 2
U kG m , t L F m .  .n m ;2 2m q 1
2m q 1 2
U kF C max l t L F m .a , l n m 52 2m q 10FlFr
2m q 1 2 kq lUya ms C max sup e t L F m .  .n m 52 2m q 10FlFr mgN0
`2m q 1 kq lUya ms C max sup e P n , m , s L F s .  .  . s 520FlFr mgN ss00
F C max b F - `, 4.11 4 .  .a , kql
0FlFr
 .  .since F g s N . Inasmuch as P n, m, s F 2, no matter what the non-0
 .negative integers m, n, and s may be, the constant C appearing in 4.11
 .  .  .does not depend on n and, consequently, from 4.8 , 4.11 , and 4.10 we
conclude
l fU n - `. 4 .a , k
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U  .  .   . U  .:That is to say, F n g l N and F n , F n has a sense. Definitively,0
 . . X .F (G n g s N .0
 . X .  .  .COROLLARY 4.1. If F n g l N and G n g s N , then the con¨olu-0 0
 .  . .tion H n s F (G n is gi¨ en by
2m q 1
H n s F m , t G m . 4.12 .  .  .  .n ;2
 . X .  .Proof. Recall that s N ; l N . This fact implies that H n s0 0
 . . X .F (G n is well defined in s N , in agreement with Theorem 4.2. On0
 . .  .  .the other hand, since 2m q 1 r2 t G m g l N by invoking Proposi-n 0
 .  .tion 4.1 with r l s 1, the right-hand side in 4.12 has a sense also.
 .Next, consider F g s N . Then,0
 :H n , F n .  .
 :s F (G n , F n .  .  .
2n q 1 2m q 1 2
s F n , G m , t F m .  .  .n  ;;2 2 2m q 1
`2n q 1 2m q 1 2
s F n , G m t F m 4.13 .  .  .  . n ;2 2 2m q 1ms0
 .  . X .because G m g s N generates a regular member in l N by means of0 0
 .2.6 .
Moreover, we may verify that
` `2m q 1
G m P m , n , l F l .  .  . 2ms0 ls0
` `
a m a l< < < <F C e G m e F l s C b G b F , .  .  .  . a a a , 0 a , 0
ms0 ls0
which assures that the order of summation can be changed. By this reason,
 .making use of 4.3 , we obtain
` `2m q 1 2
G m t F m s F l t G l . .  .  .  . n n2 2m q 1ms0 ls0
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 .By substituting the last result in 4.13 , we may write
`2n q 1
 :H n , F n s F n , F l t G l .  .  .  .  . n ;2 ls0
` 2n q 1
s F n , t G l F l .  .  . n ;2ls0
2n q 1
s F n , t G l , F l , .  .  .n ; ;2
  .  . .  .:  .seeing that we can establish that F n , 2n q 1 r2 t G l g l Nn 0
through a procedure quite analogous to that developed in Theorem 4.2 to
 .  .verify that 4.8 belongs to l N . This completes the proof.0
 .  .  .COROLLARY 4.2. If F n , G n g s N then the classical con¨olution0
 .  .4.6 is a special case of our definition 4.7 .
 .  .  .  .Proof. Inasmuch as F m g s N , by invoking 4.12 and 2.6 one0
has
` 2m q 1
H n s F m t G m .  .  . n2ms0
` ` 2m q 1 2 l q 1
s P m , n , l F l G m , .  .  .  2 2ls0 ms0
w xin accordance with the definition due to I. I. Hirschman 5, p. 339 .
5. APPLICATIONS
This section is devoted to an application of the preceding theory to solve
a partial difference equation. Thus, we propose to find a conventional
 .solution u m, n of the difference equation
m q 1 m
u m q 1, n q u m y 1, n y u m , n q 1 s 0 5.1 .  .  .  .
2m q 1 2m q 1
satisfying the condition
u m , 0 s A m g lX N . 5.2 .  .  .  .0
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The above equation becomes
L u m , n y u m , n q 1 s 0, 5.3 .  .  .m
 .where L denotes the operator 2.9 .n
X .   .4By setting u x, n s l u m, n , applying the discrete Legendre transfor-
 .  .mation, and bearing in mind the operational rule 3.9 , we convert 5.3
into the ordinary difference equation
xu x , n q u x , n q 1 s 0, y1 - x - 1, .  .
whose general solution is
nu x , n s Cx . .
 .  .Now, the condition 5.2 suggests that C s a x , with
2m q 1
Xa x s u x , 0 s l A m x s A m , P x . 4 .  .  .  .  .  .m ;2
Hence, the transform solution takes the form
nu x , n s a x x . 5.4 .  .  .
 .  .Finally, upon applying the inversion formula Theorem 3.1 to 5.4 , we
obtain the solution
1 nu m , n s a x x P x dx. 5.5 .  .  .  .H m
y1
 .Observe that the integral 5.5 always exists according to Proposition 3.1.
In certain particular cases we can deduce a more simple expression for
 .  .the solution 5.5 that involves directly the initial condition 5.2 . For this
purpose, we need previously to prove the next result.
 . X .  . X .PROPOSITION 5.1. If F n g l N and G n g l N are such that0 0
 .  . X .  X  .  ..4  X  .4  X  .4F n (G n g l N as well, then l F n (G n s l F n ? l G n .0
 .  .  .Proof. By virtue of definitions 3.1 and 4.7 , and property ii , we
obtain
2n q 1
Xl F n (G n s F n (G n , P x 4 .  .  .  .  . . n ;2
2n q 1 2m q 1
s F n , G m , t P x .  .  .n m  ;;2 2
2n q 1 2m q 1
s F n , P x G m , P x .  .  .  .n m ; ;2 2
s lXF n ? lXG n . 4  4 .  .
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Making use of this assertion and the inversion formula, we infer from
 .5.4 this other expression of our solution,
u m , n s A m (F m , n , .  .  .
w  .xwhere 10, p. 421 3
Xy1 n4F m , n s l x .
0,¡
if m q n s 1, 3, 5, . . . or m q n s 2, 4, 6, . . .
and m y n s 2, 4, 6, . . .~s ’p n!
,n2 G m q n q 3 r2 G n y m r2 q 1 .  . .  .¢
if m q n s 0, 2, 4, . . . ; m y n / 2, 4, 6, . . . .
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